A semitoric integrable system F = (J, H) on a symplectic 4-manifold is simple if each fiber of J contains at most one focus-focus point. Simple semitoric systems were classified about ten years ago in terms of five invariants. In the first part of the paper we explain how the simplicity assumption can be removed from the classification by adapting the invariants. In the second part of the paper we reformulate the classification in terms of the piecewise integral affine group of the plane, which offers an alternative way to understand the invariants of semitoric systems.
Introduction
Let (M, ω) be a symplectic 4-manifold. Integrable systems (M, ω, F : M → R 2 ) with nondegenerate singularities can have critical points of six types: elliptic-regular, hyperbolic-regular, elliptic-elliptic, elliptic-hyperbolic, hyperbolic-hyperbolic, and focus-focus. In this paper we do not consider systems which have singularities of elliptic-hyperbolic, hyperbolic-hyperbolic, or hyperbolic-regular type. A critical point p of F is a focus-focus point if there are local coordinates (x 1 , ξ 1 , x 2 , ξ 2 ) such that ω = dx 1 ∧ dξ 1 + dx 2 ∧ dξ 2 , p = (0, 0, 0, 0), and F = (x 1 ξ 1 − x 2 ξ 1 , x 1 ξ 1 + x 2 ξ 2 ).
(1.1)
The local models for elliptic-regular and elliptic-elliptic types are, respectively, F = . A focus-focus fiber is any fiber of F which contains at least one critical point of focus-focus type and all critical points in the fiber are of focus-focus type; topologically these are tori pinched once for each focus-focus point.
A rich class of systems (M, ω, F = (J, H)) having these types of singularities are those called semitoric, which means that J is a proper function whose Hamiltonian flow is 2π-periodic and F has only non-degenerate singularities of these three types (i.e. no hyperbolic components). Two such systems (M i , ω i , F i = (J i , H i )), i = 1, 2, are isomorphic if and only if there exists a symplectomorphism φ : M 1 → M 2 such that φ * (J 2 , H 2 ) = (J 1 , f (J 1 , H 1 )) for some smooth function f such that ∂f ∂y > 0 everywhere. A semitoric system is simple ([PVuN09, Definition 3.3]) if each fiber of J (and hence of F ) contain at most one focus-focus point, so topologically the focus-focus fibers of F are as in Figure 1b .
About ten years ago simple semitoric systems were classified up to isomorphisms by Pelayo and Vũ Ngo . c in terms of five invariants [PVuN09, PVuN11a] : number of focus-focus points, Taylor series invariant at each point, polygon invariant, height invariant of each focus-focus point, and the twisting index invariant of each focus-focus point (for surveys see [PVuN11b, AH19] ). The reason for the simplicity assumption was that at that time only critical fibers containing one focus-focus point were understood, thanks to a result of Vũ Ngo . c [VuN03] .
Recently Pelayo and Tang [PT19] extended his result to fibers of F containing any number of focus-focus points as in Figures 1c and 1d . Of the five invariants the first four are relatively straightforward to apply in the non-simple case (replacing the Taylor series [VuN03] by a collection of Taylor series [PT19] ), but there is one, the twisting index invariant, whose construction does not immediately extend.
In the case of simple systems the twisting index invariant assigns an integer to each focusfocus point. We will explain why in the non-simple case it must assign data equivalent to an integer to each entire fiber containing any number of focus-focus points. The construction of this more general twisting index is mixed with the construction of the Taylor series invariants and because of this we package all invariants into a single one: the complete semitoric invariant. The main result of the paper (Theorem 4.8) says that the complete semitoric invariant classifies semitoric systems, simple or not, up to isomorphisms.
We conclude the paper (Section 5) looking at the invariants from an intrinsic perspective which we believe constitutes an efficient view point to understand some of the intricacies of the invariants of semitoric systems.
Preliminaries

Polygons via cutting at focus-focus points
Let (M, ω, F = (J, H)) be a semitoric system. We call B = F (M ) the base of the system. Let B r ⊂ B denote the set of regular values of F . Let P f ⊂ M be the set of focus-focus points of F . Let m f , v f , λ ∈ Z ≥0 respectively be the cardinalities of P f , F (P f ), and J(P f ). A focus-focus value is an element of F (P f ).
Arrange the focus-focus values by (x, y) < (z, t) if and only if x < z or both x = z and y < t. For i ∈ {1, . . . , m f } let m i be the number of focus-focus points in the focus-focus fiber of the i be the isotropy subgroup of the action and let Λ def = b∈B Λ b , then (B, Λ) is an integral affine manifold with corners and nodes, as in [Dui80] . Let Λ can be the usual integral affine structure on R
2
. The focus-focus values create monodromy in the integral affine structure of (B, Λ) and obstruct any global affine map (B, Λ) → (R 2 , Λ can ), but we can define such a map restricted to each vertical region between the focus-focus values. Let {j 1 , . . . , j λ } = J(P f ) ordered so that j 1 < . . . < j λ .
For a ∈ {0, . . . , λ}, let I a = {(x, y) ∈ R 2 | j a < x < j a+1 } and B a = B r ∩ I a , by convention taking j 0 = −∞ and j λ+1 = ∞. For each a ∈ {0, . . . , λ}, since B a is a simply connected subset of B r and the function J is 2π-periodic there exists a map A a : B a → R 1 (j). For a finite set j ⊂ R let j = j∈j j , and G j denote the vertical piecewise integral affine group, that is, the group of continuous maps ρ : R 2 → R 2 which preserve the first component and for which (ρ|
Denote by R x → 1 x the function which is 1 when x ≥ 0 and 0 otherwise and for every j ∈ R define the homeomorphism t j of R 2 by t j (x, y) = (x, y + (x − j)1 (x−j) ). Hence, G j is the Abelian group generated by T , {t j } j∈j , and the vertical translations y b : (x, y) → (x, y + b) for b ∈ R, and is thus canonically isomorphic to Z #j+1 × R. The following is immediate. ja by the marked points, and each is labeled to the left by the wall crossing index. Note that the multiplicity labels on the marked points determine the difference in wall-crossing index above and below them. Remark 2.6. The idea of cutting the base used above was applied in [Sym03] to almost toric systems, and in [VuN07, PVuN09, PVuN11a, PRVuN17, LFP19b] to semitoric systems.
Taylor expansions at focus-focus points
Consider a focus-focus value c i ∈ B and (p 
Step 2:
) be a choice of piecewise affine coordinates as in Definition 2.1. In order to find invariants that are well-defined up to isomorphisms, we compare the coordinates A and E i µ in U i \ ja , where U i ⊂ B is a neighborhood of c i and c i ∈ ja . We may assume that U i \ ja has two connected components, U + i for x > j a and U − i for x < j a , and that c i is the only focus-focus value in U i .
Let log + : C \ iR + → C be the determination of log with log + 1 = 0 and branch cut at iR
Step 3:
so in the set x > j a this function takes the difference of the piecewise affine coordinates and the sum of the pull-backs of the function K + , and the third term, which is only non-zero when x ≤ j a , is there to account for how the piecewise affine coordinates change passing through a . 
Proof. The first column follows from the definitions of T , t j , and y b and the fact that A 1 = x. The second column follows from Equation (2.1), and the last column follows from the first two and Equation (2.3), since K + and E Step 4: We still useS Similar to [PT19] , these series are constrained by the following relations: 
, and conversely that the semi-local structure determines (s 
We have assigned to each critical value c i a tuple of Taylor series (s 
Lemma 2.11 follows from Lemma 2.7 and Equations (2.2), (2.4), and (2.8).
Remark 2.12. In light of Equations (2.7) and (2.8) and Lemma 2.11 we see that the choice of A does not affect the part ofs 
The complete semitoric invariant
In the previous section we constructed
starting from the system (M, ω, F ), which depends on the choice of piecewise affine coordinates (Definition 2.1).
In order to define the complete semitoric invariant (of simple or non-simple systems) we start with the following definition, motivated from Section 2.
and b ∈ R define the action of (z,
where T , t z , and y b are as given in Section 2.1 and
is as given in Equation (2.8). It is straightforward to check that Equation (3.3) actually defines a group action. The construction of object(M, ω, F ) in Equation (3.1) is unique up to the choice of piecewise affine coordinates A as in Definition 2.1, which is unique up to the action of G j as in Definition 2.2, which is isomorphic to Z λ+1 × R. Since we have taken the quotient by precisely this symmetry (see Lemmas 2.7 and 2.11) we have: 
Classification
In this section we explain how to remove the simplicity assumption in the classification of semitoric systems in [PVuN09, PVuN11a] , leading us to a classification in the non-simple case, formulated in terms of the complete semitoric invariant of Definition 3.3. 
Uniqueness
Recall that the different representatives of the complete semitoric invariant correspond to different choices of piecewise affine coordinates as in Definition 2.1. First, we choose the same representative of the complete semitoric invariant for each system, so in particular they have the same polygons ∆ and the same set of wall-crossing indices. This means that for i ∈ {1, 2} there exist piecewise affine coordinates as in Definition 2.1 for each system which have the same image ∆, we denote them by
i , but in this paper we use g µ,ν in the Taylor series following [PT19] ).
In order forF 2 to be semitoric and isomorphic to F 2 the crucial point is to show that h(x, y) = (x, f (x, y)) for some smooth function f . By [VuN07, Theorem 3.8] h has this form but a priori f is not smooth. If the systems are simple an argument in [PVuN09] shows that the fact that F 1 and F 2 have the same invariants (there are five invariants [PVuN09, Definition 6.1]) implies that h is smooth [PVuN09, Claim 7.1]. The argument is unchanged away from the focus-focus values, so the proof of h being a diffeomorphism can be referred to [PVuN09] except for the smoothness near a focus-focus value c i , which we explain here.
By the fact that the transition Taylor series (Equation (2.5)) are the same for the two systems the diffeomorphisms (E , we obtain the smoothness of h, which completes Step 1 from [PVuN09] . In [PVuN09] the authors also discuss the necessity that the two systems have equal twisting index, which in our case is now encoded in the new Taylor series. If the systems had different twisting indices in the sense of [PVuN09] then their action Taylor series s i µ would differ by some integer multiple of 2πX, so we would have that A 2 2 = A 2 1 + 2πnx up to a flat function for some n ∈ Z =0 , in which case
Step 2 of [PVuN09] it is proven that the semitoric systems F 1 and F 2 can be intertwined by symplectomorphisms using [VuN03, Theorem 2.1] on the preimages F −1
(Ω α ), α ∈ I, where the collection of sets Ω α is a convenient covering of the common base
The sets of the covering are defined in such a way that they are of four types: 1) contain no critical points of the F i , 2) contain critical points of rank 1 but not rank 0, 3) contain a critical point of rank 0 of elliptic type; 4) contain a critical point of rank 0 of focus-focus type. In our case the construction of the covering {Ω α } α∈I is identical to [PVuN09] , as well as how to construct the symplectomorphisms ϕ α , α ∈ I such that F 1 = F 2 • ϕ α in cases 1), 2) and 3). For case 4) the symplectomorphism ϕ α can also be constructed as follows: instead of using [VuN03, Theorem 2.1], which gives a semi-local normal form for fibers containing exactly one focus-focus point, we use [PT19, Theorem 1.1], which gives a semi-local normal form for fibers which contain any finite number of focus-focus points, with Equation (2.7), which shows how to extract the invariant from [PT19] from the complete semitoric invariant.
The proof in [PVuN09] concludes with Step 3 in which it is proven how to glue symplectically the semi-local symplectomorphisms in order to produce a global symplectomorphism ϕ : M 1 → M 2 . This step is unchanged in our case, since the existence of multiple focus-focus points in the same fiber does not play a role in the proof: only the local symplectomorphisms constructed in Step 2 are needed.
Existence
such that:
4. for all a ∈ {1, . . . , λ} if P ∈ ∂∆ ∩ ja then: Proof. Given a complete semitoric ingredient I choose a representative such that w a = 0 for a ∈ {1, . . . , λ} so that
. Now we continue as in the proof of [PVuN11a, Theorem 4.6] in Section 5 of that paper, which proceeds by gluing together semi-local normal forms around the fibers, essentially constructing (M, ω, F ) backwards starting from ∆ and gluing together fibers of A • F : M → ∆. The proof of [PVuN11a, Theorem 4.6] is split into four stages and we will consider each separately. In the preliminary stage (a convenient covering) and first stage of the proof of [PVuN11a, Theorem 4.6] (away from the cuts) one constructs a convenient covering {Ω α } α∈I of the semitoric polygon ∆. In the first stage one restricts to the subcovering {Ω α } α∈I of sets which do not intersect the cuts, and for each of these constructs a local symplectic model M α and an integrable system F α : M α → Ω α . Using the general symplectic gluing theorem [PVuN11a, Theorem 3.11] these integrable models can be be symplectically glued together in order to produce an integrable system F I : M I → α∈I Ω α . In the language of the present paper, we replace the cuts referred to above by nonzero , where nonzero the union of the regions of the lines ja which have non-zero wall-crossing index. Since we have chosen a representative for which the lower wall-crossing index to always zero we have that ∆ \ nonzero is connected. After making this choice, the remainder of the first stage continues exactly as in [PVuN11a] .
In the second stage (attaching focus-focus fibrations) of [PVuN11a] it is explained how to symplectically glue the semi local normal forms in a neighborhood of the focus-focus fibers containing exactly one focus-focus point to the model F I : M I → α∈I Ω α of Step 1, to produce a proper map F I : M I → α∈I Ω α on the symplectic manifold M I , which is a smooth toric momentum map away from the pre-images of the cuts. This same construction can be done for non-simple semitoric systems taking into account the following: fix some i with i ∈ {1, . . . , v f } and consider the marked pointĉ i = (ĉ 
: B i → R be a smooth function such that Equation (2.4) holds for one choice of µ, and due to the relations (2.6) it thus holds for all choices of µ. analogous to A i and the map R α was used to account for the twisting index, which in the present proof is already accounted for in the piecewise affine coordinates A i since the information of the twisting index is included in the new Taylor series (s i µ , g i µ,ν ) µ,ν∈Zm i . From Equation (4.1) it follows that the the Taylor series obtained from the constructed system will be the desired one, since Equation (4.1) can be manipulated to obtain the definition of the action Taylor series in Equation (2.3).
In the third stage (filling in the gaps) of the proof one considers the open sets Ω α in the covering which are above the cuts and and includes them into the previous gluing data using symplectic gluing in order to obtain a symplectic manifold and and a proper map µ : M → α∈I Ω α with image ∆. This map µ is a proper toric smooth momentum map only away from the cuts, and in the fourth stage (recovering smoothness [PVuN11a, pages 119-123]) the authors show how to smoothen µ. In the case of nonsimple semitoric systems these final two stages proceed exactly as in [PVuN11a] , using different choices of representative for I in order to make the wall-crossing index zero around the remaining points to be glued in, which are the points on the lines a which do not already have zero wall-crossing index in the representative of I we started with.
Remark 4.6. Let I be as in Definition 4.2. Not every polygon ∆ such that
is convex, but the conditions on the vertices (Items (3) and (4)) imply that the polygon associated to a representative is convex if and only if w Remark 4.7. In [PVuN11a] the authors describe hidden and fake corners of the polygon, which represent the two possible cases in Item (4) above. A vertex which occurs on a line a is a fake corner if there is no vertex there after changing the piecewise affine coordinates so that the adjacent wall-crossing index is zero, and such a vertex is a hidden corner if there is a smooth vertex remaining after changing to the appropriate coordinates. In Figure 3 the bottom right vertex (on the line j 3 ) is hidden, since the slope of the bottom boundary changes by 5 even though the adjacent wall-crossing index is only −4, and the rest of the vertices on the lines j 1 , j 2 , and j 3 are fake corners, since the changes in slope correspond to the adjacent wall-crossing indices.
Classification
The following classification generalizes the Pelayo-Vũ Ngo . c classification [PVuN09, PVuN11a] by allowing the fibers of J (and hence of F ) to have multiple focus-focus points per fiber. This includes fibers as in Figure 1c . The proof follows from Propositions 3.2, 4.1, and 4.5.
Theorem 4.8. For each complete semitoric ingredient as in Definition 4.2 there exists a semitoric integrable system with that as its complete semitoric invariant as in Definition 3.3. Moreover, two semitoric systems are isomorphic if and only if they have the same complete semitoric invariant.
Remark 4.9. Most of the proof of Theorem 4.8 was already contained [PVuN09, PVuN11a] . In the present paper we have understood how the symplectic invariants (Taylor series invariants) constructed in [PT19] relate to the original construction of the twisting index invariant. We have seen that they can be naturally packaged together into a single invariant which mixes the information of both original invariants (Section 2.2). We have also seen that the multipinched fibers change the affine structure induced, and that our analogue of the "polygonal invariant" of the Pelayo-Vũ Ngo . c classification (the third invariant) may no longer be convex, as illustrated in Figure 3 . This polygonal invariant was the complete invariant of the classification of compact toric systems due to Atiyah-Guillemin-Sternberg-Delzant [Ati82, GS82, Del88], because compact toric systems cannot have focus-focus singularities; see [Pel17, GS05] for an expository account. For the case of non-compact toric systems see [KL15] . Remark 4.11. It would be interesting to extend the classification to systems having "hyperbolic triangles" as in [DP16] and [LFP19a, Section 6.6].
Remark 4.12. Multipinched tori appear in mirror symmetry [GW97] (we thank Mark Gross for discussions). To get Lagrangian torus fibrations in mirror symmetry one can start with a K3 surface with an elliptic fibration and by hyperkähler rotation turn it into a special Lagrangian fibration, the singular fibers of which can include the multipinched tori. Toric fibrations with singularities are important in the context of mirror symmetry and algebraic geometry [GS03, GS06, GS10, GS11] and symplectic geometry [LS10, Zun96, RWZ18] . 
where the addition of (π/2)X is due to a change in convention between [PT19] and [VuN03] , as discussed in [PT19, Remark 6.2]. (3) The semitoric polygon invariant in [PVuN09] is obtained by taking the image of a toric momentum map defined on the compliment in M of the preimages under F of "cuts" going either up or down from each focus-focus value. These polygons correspond to the subset of images of piecewise affine coordinates A = (A 1 , A 2 ) (as in Definition 2.1) such that for each focus-focus value either the wall-crossing index above the value is 1 and below it is zero (corresponding to an upwards cut) or the wall-crossing index above it is zero and below it is −1 (corresponding to a downwards cut). , but again there is a shift by (π/2)X, so the twisting index invariant of c i is given as
where · : R → Z is the usual floor function and i = +1 if the cut at c i is upward and i = −1 if the cut at c i is downward. Note that this integer label on each c i does depend on the choice of piecewise affine coordinates, since changing piecewise affine coordinates can shift the coefficient of X ins i 0 by an integer multiple of 2π, as is seen in Lemma 2.11. The last term of k i classical is there so that it is preserved under a change in cut direction at c i , in [PVuN09] the dependence of the preferred momentum map on the cut direction was designed so that this would hold.
Remarks on the twisting index invariant
Let c i be a focus-focus value. Considering Equation (2.7) we see that given the semi-local invariant (s and define the height invariant of c i by
Note that k 
Intrinsic invariants
The goal of this section is to present the complete invariants as, instead of an orbit of a group action, a single polygon in the vertical piecewise integral affine (VPIA) plane (defined below) with marked points and labels.
Consider the oriented topological space R Definition 5.4. A finite set F of unimodular PIA functions is regular if for any distinct f 1 , f 2 ∈ F, when they are both downward or both upward, there is a constant i ∈ Z such that df 2 = T i df 1 . We say that F is convex if for any j ∈ j there ism j ∈ Z ≥0 such that for any downward f 1 and upward f 2 there is w ∈ Z such that df 2 = T w tm j j (− df 1 ) in a neighborhood of j . We callm j the monodromy number of F on j .
Definition 5.5. Let F be a finite regular convex set of unimodular PIA functions and let ∆ ⊂ A 2 R,j be defined by inequalities f ≤ 0 for f ∈ F. Suppose∆ has nonempty interior that intersects j for any j ∈ j, pr 1 |∆ is proper, and for any f ∈ F there is a nonempty segment of {f = 0} in ∂∆. We say that F is smooth if for any f 1 , f 2 ∈ F such that {f 1 = f 2 = 0} is a vertex of∆, we have df 1 and df 2 span Λ at the vertex, in which case we call (∆, F) a Delzant VPIA polygon in A does not depend on the choice ofÂ and the fibers of prĉ are cosets of 2πΛĉ Z.
, and the monodromy number of F on j is equal tom j for j ∈ j; 2. v f ∈ Z ≥0 , and theĉ i ∈ j are distinct for i ∈ {1, . . . , v f }; Note that the set∆ ⊂ A 2 R,j itself does not have enough information to retrieve F, so we extend both edges a bit from each vertex on the wall. Then one can reconstruct Figure 4a by the regular condition of F. Also, the labels We call anyÎ ∈X a intrinsic semitoric ingredient.
Let (M, ω, F ) be a semitoric system. We construct an elementÎ ∈X which we will call the intrinsic semitoric invariant of (M, ω, F ).
Step 1: Choose Φ : B → A 2 R,j so that for anyÂ ∈ A j the map A def =Â • Φ : B → R 2 is a choice of piecewise affine coordinates. The choices of Φ are related by right composition with elements of G j , that is, change of coordinates of A 2 R,j . In this sense we say Φ is unique. Let ∆ = Φ(B). Then for anyÂ ∈ A j , we have a representative
of the complete semitoric invariant I of (M, ω, F ) associated to the choice of piecewise affine coordinates A =Â • Φ, withÂ(∆) = A(B) = ∆. We show that there is a F such that (∆, F) ∈ DPolyg(A 2 R,j ). Separate ∂∆ into segments byÂ −1 (P ) for any point P which is either a vertex of ∆ or P ∈ ∂∆ ∩ j such that there is a smooth vertex at Q as described in Definition 4.2 (Item 4). For each I a that intersects a segment γ, there is a unique unimodular PIA function f γ,a in I a , such that f γ,a ≤ 0 defines∆ near γ. We extend f γ,a uniquely to a unimodular PIA function
•Â −1 • f γ : R 2 → R is an affine function for anyÂ ∈ A j such that w a = −m ja for all a, if f γ,a is upward in I a .
As suggested by its notation, f γ is the same for various I a that intersects the same γ, due to Definition 4.2 (Item 4). Let F be the collection of these f γ . Then F is regular by construction, has monodromy numberm ja on ja , and is smoothness by Definition 4.2 (Items 3 and 4). Together with Definition 4.2 (Items 2 and 5) we have (∆, F) ∈ DPolyg(A 2 R,j ).
Step 2: Let (s 
Definition 5.7. The intrinsic semitoric invariant of the semitoric system (M, ω, F ) iŝ Proof. In view of Theorem 4.8, we only need to show that for anyÎ ∈X there is an I ∈ X such that they are the intrinsic semitoric invariant and complete semitoric invariant of the same semitoric system. Let (j, (m j ) j∈j ) ∈ J, let λ = #j, and let
Take a coordinate mapÂ ∈ A j . Let ∆ =Â(∆) ⊂ R i=1 ∈ X λ,v f does not depend on the choices of c ∈ ja or f ∈ F since F is regular, and the dependence on the G j -action onÂ obeys Equation (3.3). Let I = (
. Furthermore I is a complete semitoric ingredient (cf. Definition 4.2): Item 1 holds since λ = #j and v f = # {ĉ i ∈ j }. Item 2 holds sincem j > 0 is the number of focus-focus values on j for j ∈ j. Items 3 to 5 hold because∆ is a Delzant VPIA polygon. Items 6 and 7 follow from (5.1) and (5.3). By comparing with Definition 5.7,Î is the intrinsic semitoric invariant of the semitoric system that I represents.
Remark 5.9. Since the fibers of prĉ are cosets of 2πΛĉ Z, we again see the information of the twisting index, encoded in the twisting covector r i , is one integer for each fiber. 
Example
An explicit example of a compact semitoric system which includes a double-pinched torus can be obtained by certain choices of parameters for the system described in HohlochPalmer [HP18] , which is a generalization of the coupled angular momentum system, see for instance [LFP19b, ADH18] . Figure 5: A representative of the semitoric polygon associated to the system given in Equation (6.1) for different values of the parameter s 1 ≈ s 1 = 1 /2 produces a semitoric system which has two focus-focus points which are in different fibers of F , but nevertheless both focus-focus points lie in the same fiber of J, so it still does not satisfy the simplicity condition. Figure 5 shows the polygon and focus-focus fibers in each case.
